Microscopic traffic modeling and simulation by MARIA LINAWATY
  
















A THESIS SUBMITTED FOR THE DEGREE OF MASTER OF SCIENCE  
 
DEPARTMENT OF COMPUTATIONAL SCIENCE 
 










I would like to express my gratitude to my supervisor, A/P Chen Kan from Department of 
Computational Science for his helps in many areas. His guidance, support and motivating 
discussions keep me moving forward with this project. The lessons that I have learnt 
under his supervision are invaluable. His insightful comments and suggestions have 
improved my critical thinking in an indirect way.  
 
This project could not have been accomplished without the great help of Tang Koon 
Chng and colleagues from Land Transport Authority of Singapore by providing me the 
access to real time traffic information. Many thanks go to the staff of Singapore Land 
Authority for supplying the electronic data of Singapore road network. 
 
I am also indebted to my ex-colleague, Viktor Lapinskii from AmmoCore Technology, 
Inc., who has been so supportive and inspiring. Often, he stimulates my thinking through 
his insightful questions and critics.  
 
 iii
I would also like to thank Jason Teo for proofreading this thesis, and most importantly 
my family and friends for their supports and understanding throughout these years.  
 








Table of Contents  
 
ACKNOWLEDGEMENTS ............................................................................................ II 
TABLE OF CONTENTS ............................................................................................... IV 
SUMMARY .....................................................................................................................VI 
LIST OF FIGURES ...................................................................................................... VII 
CHAPTER 1 ...................................................................................................................... 9 
INTRODUCTION ............................................................................................................ 9 
1.1 BACKGROUND...................................................................................................... 9 
1.2 ABOUT THIS WORK ........................................................................................... 11 
1.3 THESIS STRUCTURE............................................................................................ 13 
CHAPTER 2 .................................................................................................................... 15 
TRAFFIC FLOW THEORY ......................................................................................... 15 
2.1 TIME-SPACE DIAGRAM ...................................................................................... 15 
2.1.1 Traffic Stream Properties ......................................................................... 16 
2.1.2 Time-Mean and Space-Mean Properties .................................................. 19 
2.2 TRAFFIC JAMS.................................................................................................... 20 
2.3 FUNDAMENTAL DIAGRAM ................................................................................. 21 
CHAPTER 3 .................................................................................................................... 26 
TRAFFIC MODELING ................................................................................................. 26 
3.1 MACROSCOPIC MODELS..................................................................................... 27 
3.2 MICROSCOPIC MODELS...................................................................................... 28 
3.2.1 Car-Following Models.............................................................................. 29 
3.2.2 The Optimal Velocity Model ..................................................................... 30 
3.2.3 Discrete Time and Discrete Space Models (Cellular Automata Models). 31 
3.3 MESOSCOPIC MODELS ....................................................................................... 36 
CHAPTER 4 .................................................................................................................... 37 
DESIGN AND IMPLEMENTATION .......................................................................... 37 
4.1 BUILDING ROAD NETWORK ............................................................................... 39 
 v
4.2 VEHICLES MOVEMENTS ..................................................................................... 41 
4.2.1 Formulation of Cellular Automata Model of Traffic Flow....................... 42 
4.2.2 Vehicles Movements at Intersections ........................................................ 44 
4.3 FLOW CHART ..................................................................................................... 47 
CHAPTER 5 .................................................................................................................... 48 
CHOICES OF ROUTES ................................................................................................ 48 
5.1 SHORTEST PATH ALGORITHM ............................................................................ 52 
5.1.1 Performance Comparison......................................................................... 56 
5.2 CALCULATIONS OF FASTEST ROUTES................................................................. 60 
CHAPTER 6 .................................................................................................................... 63 
RESULTS AND DISCUSSIONS................................................................................... 63 
6.1 SIMULATION PERFORMANCES ............................................................................ 64 
6.2 TRAFFIC JAMS.................................................................................................... 66 
6.2.1 Traffic wave .............................................................................................. 66 
6.2.2 Power Law Distribution............................................................................ 71 
6.3 FUNDAMENTAL DIAGRAM ANALYSIS ................................................................ 76 
6.3.1 Different Variables.................................................................................... 76 
6.3.2 Different Intersections .............................................................................. 79 
6.3.2.1 Signalized Intersections ........................................................................ 79 
6.3.2.2 Stop Sign Applied at Intersections........................................................ 80 
6.3.3 Driver’s Choice of Routes......................................................................... 84 
6.3.3.1 Simulation of Traffic with Vehicles Moving Randomly ...................... 84 
6.3.3.2 Drivers with Trip Plans......................................................................... 88 
6.3.3.3 Shortest Routes vs. Fastest Routes........................................................ 90 
CHAPTER 7 .................................................................................................................... 97 
CONCLUSION ............................................................................................................... 97 
CHAPTER 8 .................................................................................................................. 100 
FUTURE WORKS........................................................................................................ 100 
BIBLIOGRAPHY......................................................................................................... 102 
APPENDIX A................................................................................................................ 107 








The increase of road traffic volumes leads to the growing demand for better traffic 
management system. This has led to many researches on traffic to understand the 
dynamics of traffic flow and construct measures for traffic optimization. In most of the 
time, traffic modeling and simulation play a significant role. 
 
In this work, microscopic model, particularly cellular automata model, is employed to 
simulate one-dimensional and two-dimensional road traffic, with the focus on the latter. 
By varying the intersection models and other parameters of traffic system, the dynamics 
of traffic flow are observed and studied. 
 
Additionally, traffic optimization measure using real time navigation system is also 
proposed in this project. To observe and study how the traffic flow responds to this 
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Chapter 1  
Introduction 
 
This chapter presents an overview of the challenges often met in dealing with traffic, and 
illustrates the growing demand for better traffic management. This is followed by a 
review of the efforts that have been done to understand traffic behavior and improve the 




In many parts of the world, transportation is integral to the living of the people. In places 
that are more urbanized, the transportation facilities are more developed. This is due to 
higher traffic and human density in urban areas. In places that have poor city planning, 
traffic congestion situations can be very bad. Even cities that spent a lot of money on city 
planning also face traffic congestion during certain periods of the day, especially peak 
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hours. Nowadays, transportation tools have been a primary necessity and the costs of 
owning vehicles are so low that the traffic volume keeps increasing day by day. 
 
Daily traffic congestions have negative social, environmental and economic impacts on 
our society. A driver caught in a bad traffic situation faces undue stress to ensure the 
safety of others and himself. Moreover, precious time is lost due to the delays in the 
traffic jams. This leads to a decrease in the productivity of that person, translating to 
lower remuneration or lesser competitiveness of his/her company. 
 
From the environmental point of view, heavy traffic flow in an area leads to poorer air 
and sound quality in that area. Carbon dioxide emissions from vehicles also lead to global 
warming. These have negative impacts on the people living in that area, often to the 
detriments of their health. 
 
In addition, a large amount of the gross national product is absorbed by transportation 
costs. In a study done by the Texas Transportation Institute (TTI) [42], one could spend 
an extra 62 hours – the equivalent of about one and a half working weeks – stuck in 
traffic-congested streets in a year. If this is translated to monetary terms, congestions 
definitely have huge economic consequences. In the United States, the cost of congestion 
was estimated 78 billion dollars in year 2001, representing 4.5 billion in additional travel 
time and 6.8 billion gallons of fuel wasted while sitting in traffic. More interesting to note 
is the traffic cost is still so high given the fact that the United States government has set 
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aside a huge amount of money for transportation developments and improvements. This 
is also true of many nations in the world.  
 
Therefore, extensive study has been done in improving transportation industry and 
making commuting smoother. It ranges from building more roads to improving the 
existing ones, pricing road systems, improving traffic information systems, or even 
improving public transportation to take the load off some roads. Modeling and simulation 
of traffic flow may serve to analyze existing systems, to identify inadequacies of the 
current systems and to construct alternatives. For instance, advanced prediction of traffic 
flow definitely helps to deter the traffic flow to the congested area, and hence can create a 
smoother traffic. However, traffic management measures need to be simulated and 
examined before they are implemented in the real traffic. Hence, traffic modeling and 
simulation play a key role in any cases.   
 
1.2 About This Work 
 
Traffic modeling and simulation can be traced back to a long history, starting from the 
nineteen-fifties. Until now, there have been various approaches and techniques proposed 
and implemented by many researches. All of them have their own advantages and 
drawbacks.  
 
The approaches can mainly be categorized to two principal approaches: macroscopic and 
microscopic approaches. Macroscopic approaches are generally using the fluid-
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dynamical methods, which at some aggregation lead to aggregated quantities such as 
flow, density and partial differential equations connecting these quantities. Microscopic 
approaches resolve every vehicle individually as a particle. Due to their computational 
efficiency, one of the microscopic approaches, cellular automata models, were 
successfully applied in traffic and gain more popularity. This leads to more investigations 
in microscopic models. 
 
In this work, the simulation of traffic flow applies microscopic approach, i.e., cellular 
automata models firstly introduced by Kai Nagel and Michael Schreckenberg [33] in 
1992 with some modifications. The simulations are done in both one-dimensional and 
two-dimensional road traffic with the focus on the latter.  
 
Two-dimensional simulations have been studied by Biham, Middleton and Levine in [5]. 
However, these models do not have the concept of streets and have rather primitive 
motion rule to avoid double occupancy. They used an alternate update of each directions 
of movement, as if there were synchronized traffic lights at each lattice site, allowing 
horizontal movement at odd time steps and vertical movement at even time steps. These 
shortcomings were addressed by Chopard, Luthi and Queloz [10]. They implemented 
cellular automata models in a two-dimensional street network with rotary intersection 
model. Nevertheless, the road network they used has uniform road length and same 
degree of connectivity at every intersection. It is proven in this work that these two 
factors are important in determining the traffic flow behavior. 
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Here, there are two types of road network implemented; they are randomly generated 
road networks and real road networks. The generated road networks are created using a 
generator developed by Cherbassky et al [9]. They have different road network 
generators available freely upon request. The generator used in this work is SPGRID 
generator which generates rectangular grid networks. The real road networks used are the 
two sections of Singapore city comprising ones of the densest road networks in 
Singapore, which were acquired with the facilitating of Singapore Land Authority and 
Land Transport Authority.  
 
In addition, a traffic optimization measure is proposed in this work. The proposed 
measure is the real-time navigation system that can guide users or drivers to the optimal 
routes that are considered as the shortest and fastest possible routes at that time period. 
The routes generated by the navigation system are then incorporated into the simulation 
to add on to the dynamics of real traffic and to observe how the traffic flow responds to 
the measure. Extensive simulations and numerical experiments are carried out, and their 
results and visualizations are then studied and discussed. 
 
1.3 Thesis Structure 
 
 
In order for the readers to go through the rest of this thesis with ease, this section 
provides the outlines of each chapter. 
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Chapter 2 presents the traffic flow theory and some commonly used basic concepts that 
are to be considered and applied in this work. It will also introduce the terminology to be 
used throughout the thesis. 
 
Chapter 3 discusses several models that have been developed and implemented in 
simulating the traffic flow. The models include the macroscopic, microscopic and 
mesoscopic models. Some current works on each model will also be discussed. 
 
Chapter 4 describes the design of the road network and implementation of the traffic flow 
model in the two-dimensional road network. This includes the vehicle’s movement along 
arcs and across intersections using several intersection models.  
 
Chapter 5 discusses briefly about the proposed traffic optimization measure, i.e., traffic 
navigation system. It is followed by the description of the shortest path algorithm, 
particularly the implementation of the double bucket Dijkstra’s algorithm, which is used 
to determine the optimal routes. The comparison between the double bucket 
implementation and the original Dijkstra’s algorithm is then presented. 
 
Chapter 6 presents the results of the experiments and simulations. Visualizations and 
discussions of the results are also given.  
 
Finally, Chapter 7 gives the conclusion of the whole project, and Chapter 8 suggests 





Chapter 2  
Traffic Flow Theory 
 
Before embarking on the traffic modeling and simulation, some commonly used basic 
concepts in traffic are given and discussed in this chapter. These concepts are to be 
considered and applied throughout this work.  
 
2.1 Time-Space Diagram 
 
To analyze traffic flow, graphical presentation methods are used for presenting and 
interpreting traffic data: 
• Curves of cumulative vehicle count 
• Trajectories plotted on time-space diagrams 
 
The latter method is employed for our discussion. The time-space diagram can be 
described in Cartesian coordinates of time and space, with vehicles moving from left to 
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right. The space-axis shows the position of each car at each time unit, with time 















Figure 2-1: Time-Space Diagram. Vehicles move from left to right over a time period progressing in 
downward direction. 
 
2.1.1 Traffic Stream Properties 
 
From Figure 2-1 above, it is evident that the inverse slope of the i-th trajectory is the 





)( ≡ ,          Eq 2-1 
and that the curvature is its acceleration. Further, there exist observable properties of a 










example. These properties are described with trajectories that cross a vertical line drawn 
through the time-space diagram at x1. The number of vehicles m passing x1, divided by 
the observation interval T is called flow q(x1,T).  
T
mTxq ≡),( 1 .          Eq 2-2  
 
Referring to Figure 2-1 again, the headway of some i-th vehicle at x1, hi(x1), is the 
difference between the arrival times of vehicle i and vehicle i-1 at x1, i.e.,  
)()()( 1111 xtxtxh iii −−≡ .         Eq 2-3 








1 )(           Eq 2-4 














,       Eq 2-5  
is the reciprocal of the average headway )( 1xh . 
 
Analogously, some properties relate to the locations of object at a fixed time. The 
properties may be described with trajectories that cross a horizontal line in the time-space 
diagram. For example, the spacing of vehicle j at some time t1, sj(t1), is the distance 
separating j from the next downstream vehicle, i.e.,  
)()()( 1111 txtxts jjj −≡ −         Eq 2-6 
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Density k at t1 is the number of vehicles n on a lane at that time, divided by L, the lane’s 
physical length, i.e.,  
L
nLtk ≡),( 1 .          Eq 2-7 























       Eq 2-9 
giving a relation between density and the average spacing parallel to that of flow and the 
average headway. 
 
If there are m vehicles passing by x1 during observation time T and the time each i-th 







ρ           Eq 2-10 
ρ is its occupancy which is conventionally defined as the percentage of time vehicles 




2.1.2 Time-Mean and Space-Mean Properties 
 
For vehicle’s attribute α, where α might be its velocity, physical length, flow, density, 
occupancy, etc., one can define an average of the m vehicles passing some fixed location 










1),( αα ,        Eq 2-11 
i.e., a time-mean of attribute α. If α is headway, for example, α(x1, T) is the average 
headway or the reciprocal of the flow. 
 
Conversely, the space-mean of attribute α at some time t1, α(t1, L) is obtained from the 










1),( αα          Eq 2-12 









2.2 Traffic Jams 
 
A vehicle driver is like an individual agent interacting with other individual agents in 
traffic. His maximum speed is limited by the vehicles in front of him and the traffic 
regulations; his distance to the vehicle in front of him is limited by his position and his 
vehicle’s ability to brake. The velocity of the vehicle varies throughout his journey 
according to the traffic and road condition. He may slow down (i.e., reduce speed) 
suddenly for some disturbances on the road (for example, bumps, accidents, or pedestrian 
crossings) or for unanticipated reasons (for example, vehicle break down, driver’s 
negligence or imperfect driving skills). 
  
Depending on the total number of vehicles on the traffic, there are two possible 
situations. If there are few cars, free flow can be observed with only small traffic jams. If 
the density is high, massive congestion is inevitable, and under the congested conditions, 
synchronized flow traffic is often found. In synchronized traffic, interactions between 
vehicles are significant and the velocities of the vehicles are approximately equal. The 
jam can be created by the sudden slow-down mentioned. When the density is higher, the 
effect of the sudden slow-down cannot be healed very fast and hence larger traffic jams 
are created. 
                                                                                                                                                                        
However, traffic jams may emerge for no reason whatsoever. Some traffic observations 
have shown that a small random velocity reduction of a single vehicle can initiate huge 
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jams also. Hence, the natural intuition that large events come from large shocks or causes 
has been violated.  
 
From the literature research that has been done, a power law distribution of one-
dimensional traffic jam is found. From the extensive computer simulations, the number of 
traffic jams of each size was calculated and the exponent for the power law appeared to 
be close to 1.5, which is the first return-time exponent for a 1-dimensional random walk. 
This suggested an elegant but simple theory of the phenomena, a “random walk theory” 
[2, 32]. 
 
More observation on the characteristics of traffic jam will be discussed in Chapter 6 
where the computer simulation results and discussions are presented. 
 
2.3 Fundamental Diagram 
 
It is plausible and has been confirmed by many empirical investigations in the literature 
[1, 3, 21] that the velocities of the vehicles decrease with the increasing of the traffic 
density (i.e., number of vehicles on the road). Correspondingly, the traffic flow (i.e., 
number of vehicles passing by a road over a time period) decreases as the traffic density 
increases. This relationship of traffic flow and density is generally referred as 
fundamental diagram.  
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Fundamental diagram is the typical measurement of traffic flow and also one of the 
visualization tools to analyze the traffic flow behavior. It usually displays the average 
traffic flow q (in terms of vehicles over an observable time unit) as a function of local 
density or occupancy ρ (in terms of vehicles per space unit).  
 
In cellular automata traffic modeling which will be described elaborately in Section 3.2.3, 
the road space and time are discretized into cells and time step respectively. For every 
time step, each cell is either empty or occupied by a vehicle. Hence, the traffic flow q is 
represented in terms of number of vehicles per time step, and the occupancy ρ is 
represented in terms of number of vehicles per cell.  The average flow q  between cells i 














)(1 ,        Eq. 1 
where ni,i+1(t) = 1 if a vehicle motion is detected between cells i and i+1. The occupancy 










)(1ρ ,        Eq. 2 
where ni(t) = 0(1) if cell i is empty (occupied) at time step t. The cellular automata model 
and the discretization of road space and time period will be described more in Section 
3.2.3. 
 
Figure 2-2 below is the example of the fundamental diagram of a real traffic in Germany 
[33]. The dots represent the flow of each road site with its corresponding occupancy 
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averaging over the total time steps. Here the occupancy can be seen as a local density at 
the certain space. With some abuse of the terms, occupancy and density will be used 








Figure 2-2: Fundamental Diagram of real traffic in Germany. Traffic flow (vehicles per hour) vs. 
occupancy (vehicles per site) from measurements in reality [33] 
 
In the fundamental diagram, one can see that the flow is low at low occupancies because 
few vehicles are on the road; it increases linearly until it reaches the maximum value qmax 
at certain density. The flow then drops showing that there is low flow at higher density. 
Here the phase transition can be observed where the flow decreases with the increasing of 
density because all vehicles are stuck. Hence, three states of condition can be identified: a 
“free flow” state at low density, a “synchronized” and “congested” state at high density. 
The free flow can be expressed in a linear function of Q(ρ), but it is more complicated for 
the synchronized and congested state, presumably because the interactions between 
vehicles become more important [34]. Since the scatter of the data is very large, it seems 
questionable if one can assign a function at all.  
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Kerner and Konhäuser [25] and Bando et al. [3] suggested the deterministic (without 
randomization) traffic models behave as follows (refer to Figure 2-3). 
• For density ranges 0 ≤ ρ ≤ ρ1 and ρ4 ≤ ρ ≤ 1, homogeneous traffic is stable. It is 
either free flow traffic (0 ≤ ρ ≤ ρ1) or synchronized traffic (ρ4 ≤ ρ ≤ 1). This means 
that any disturbance will “heal out”, and traffic will return to the homogeneous 
state. 
• For a density range ρ2 ≤ ρ ≤ ρ3, homogeneous traffic is unstable. This means that 
any disturbance will initially grow in size, and it will not go away for a long 
period of time until the traffic in front of it is clear.  
• For density ranges ρ1 ≤ ρ ≤ ρ2 and ρ3 ≤ ρ ≤ ρ4, homogeneous traffic is unstable 
under large amplitude disturbances. This means that small disturbances heal out, 
but large enough amplitudes cause the system to move into an inhomogeneous 
state. Once in the inhomogeneous state, it will remain there except if pushed back 









Figure 2-3: Different states of the fundamental diagram. 
  
ρ1 ρ2 ρ3 ρ4 density ρ   





These behaviors also apply to the stochastic traffic models with randomization included, 
but the position of the phase transition would vary. How to predict the position of the 
phase transition? One of the advantages of traffic simulation is one can easily vary road 
density and the probability of external disturbances to observe the changes in the position 
of the phase transition. The external disturbances here can refer to road accident, 
construction or even driver’s negligence in driving, that lead to reduction in speed or 








Chapter 3  
Traffic Modeling 
 
Many traffic models which can reproduce the experimental data have been introduced. 
Essentially, there are two major approaches toward the modeling of traffic flow, they are: 
macroscopic approach (using mean velocity and mean flow) and microscopic approach 
(resolving every vehicle individually).    
 
In the past, the modeling of traffic flow was mainly based on the macroscopic approach, 
such as the use of fluid-dynamical methods. The methods of nonlinear dynamics have 
also been applied in recent years. Nevertheless, due to their computational simplicity, 
cellular automata were successfully applied in traffic and gain more popularity. This 
leads to more investigations in microscopic models.  
 
This chapter gives an overview of different implementations of the approaches that have 
been developed for the past few decades. 
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3.1 Macroscopic Models 
 
In macroscopic approaches, the dynamics of quantities that only have a macroscopic 
meaning are considered instead of the dynamics of individual vehicles. Generally, traffic 
density and flow are measured by the solution of the partial differential equations, which 
describes the conservation of vehicles, with initial and boundary conditions applied.  
 
The partial differential equation for the conservation of vehicles in one dimension is 





d −=+ρ ,      Eq 3-1 
where: ρ(x,t) = traffic density of space x at time t 
 q(x,t) = traffic flow 
 In(x,t) = traffic generation term from entrance-ramps. 
 Out(x,t) = traffic disappearance term from exit-ramps. 
 
The partial differential equation can be solved either by the finite element or the finite 
difference method. The latter is faster than the former.  
 
Typically, average velocity is also considered in the macroscopic models. The simplest 
model that shows this relationship was proposed by Lighthill and Whitham [28], where 












dtxc ρρρρ =  Eq 3-2 
 
The model equation describes kinematics waves. This model has been frequently used in 
the last few decades. However, it is not capable of describing the properties of clusters in 
traffic flow correctly. Nevertheless, throughout the years, other models for kinematics 
waves have been proposed.  
 
3.2 Microscopic Models 
 
Because of its feature to be able to access the information of every vehicle individually, 
there has been extensive research in microscopic traffic modeling. This leads to many 
implementations of microscopic modeling such as: 
• Continuous Space and Time 
o Car-Following models [17-18] 
o The Optimal Velocity Model [35, 3] 
• Discrete Time and Discrete Space - Cellular Automata (CA) Models [33, 34, 44] 
o Deterministic CA 
o Slow-to-Start CA  
o Stochastic CA 
o Time-Oriented CA  
• Discrete Time and Continuous Space [34] 
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Intuitively, continuous space and time model is more realistic since reality is continuous 
in both space and time. However, the model cannot be implemented accurately in 
computer, as computer implementations are often discrete. In fact, there are many 
significant developments using the discrete models in recent years. Hence, the simulation 
in this project uses the discrete time and space Cellular Automata model, of which 
concept is first introduced by Von Neumann (1966) and developed by Nagel and 
Schreckenberg for traffic simulations in 1992. 
 
3.2.1 Car-Following Models 
 
The “classic” car-following model was introduced by Gazis et al in 1961 [17] and 
Gerlough and Huber in 1975 [18] as follows. 
)(
)]([






,       Eq 3-3 
where: )( τ−∆ tx  = distance between the vehicle and the one in front of it at time τ−t  
)( τ−∆ tv  = speed difference between the vehicle and the one in front of it  
α is constant  
m and l are free variables, usually fractional, exponents. 
 
This model was possibly the first to recognize the importance of instability of traffic flow 
and to capture this notion into a mathematical model. The model behavior can be 
summarized as follows: 
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• There is no acceleration without a lead vehicle. Therefore, an additional 
acceleration term like )()( max tvvdt
tdv −∝ , is needed for realistic applications. 
• The model is structurally unstable. Models of this type are unlikely to describe 
reality, because small changes in the equations can lead to large changes in the 
dynamical behavior. 
• There is no preferred distance. Any state where v∆ vanishes is a stationary state. 
• It is not capable of describing traffic beyond the onset of instabilities because it 
lacks a mechanism that limits oscillations to realistic values, i.e., to values limited 
by the acceleration and braking capabilities of vehicles. 
 
An alternative to the above equation is introduced by Newell in 1961 [35]: 
))(()( τ−∆= txGtv , for some appropriate and reasonable function G   Eq 3-4 
Please refer to [35] for some examples of reasonable functions G. The solution of this 
equation admits arbitrary distance as long as v∆ = 0 is no longer present. Additionally, 
since the equation does not involve any differential or integration, it is much more useful 
than the previous equation from a computational point of view. 
 
3.2.2 The Optimal Velocity Model  
 
There should be the desired velocity other than the velocity of the leading car. Bando et 
al. [3] assumed that the desired velocity is a function of the distance )( xVdes ∆  between the 








i −∆=α , where α is a constant.     Eq 3-5 
The function )( xVdes ∆  has to vanish for 0→∆x  and has to be bounded for ∞→∆x .  
 
Note that no explicit delay time has been introduced into this model. Still, the model 
describes spontaneous clustering of vehicles. It has been shown on a phenomenological 
basis that the qualitative dynamical properties of this model are almost exactly the same 
as those of the macroscopic model. Furthermore, the results compares very well with 
empirical observations. 
 
3.2.3 Discrete Time and Discrete Space Models (Cellular Automata 
Models) 
 
The cellular automata model was first constructed by Kai Nagel and Michael 
Schreckenberg of the University of Duisburg, Germany. Since then the model is used and 
applied in different kind of road networks [33-34, 39].  
 
 
Figure 3-1. Road space is discretized into cells 
 
The model is defined on single-lane traffic with open or periodic boundary conditions. It 
can be generalized to multi-lane traffic and other boundary conditions. Each cell may 
either be occupied by one vehicle, or it may be empty, as shown in the Figure 3-1. Each 
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vehicle has an integral velocity with values between zero and vmax, and for each time step, 
moves from one cell to another according to its velocity. For an arbitrary configuration, 
one update of the system consists of the following consecutive steps, which are 
performed in parallel for all vehicles: 
• Car-following rule: 
vt+1/2 = min{vt+1, gt, vmax} 
• Randomization: 
 
vt+1 =   
 
• Moving: 
xt+1 = xt + vt+1 
where: vt = velocity of car at time step t 
 gt = gap space of a vehicle and the vehicle in front at time step t 
 vmax = maximum velocity 
 
The randomization is to simulate realistic traffic flow since otherwise the dynamics is 
completely deterministic. It takes into account natural velocity fluctuations due to human 
behavior or due to varying external conditions. Without this randomness, every initial 
configuration of vehicles and corresponding velocities reaches very quickly to a 
stationary pattern.  
 
max{vt+1/2 –1, 0} with probability pn 
vt+1/2    else 
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In this work, this model is used and the simulation is done with one-dimensional and two-
dimensional single-lane traffic and periodic boundary condition (closed loop).  
 
There are many implementations or modifications to the CA model. Some are briefly 
described as follows: 
• Deterministic CA  
A simple deterministic CA model can be obtained by dropping the randomization 
rule. Therefore, all initial conditions eventually lead to one of two regimes:  
o free-flow regime, where vehicles move with the maximum velocity vmax 
and the gap between vehicles is either vmax or larger. 
o start-stop regime. If the traffic density is larger than a certain density, not 
all vehicles can move with maximum speed, and the system goes to a state 
where the velocity of vehicle is always the same as its gap. 
• Slow-to-Start Deterministic CA 
For traffic jams to be stable, the reaction time and the minimum time headway 
need to be smaller than the escape time of vehicles from the jam.  This leads to 
the slow-to-start rules introduced by Takayasu and Takayasu in 1993 [41] and 
Barlovic et al. in 1998 [4]. The modification is as follows. 
 
vt+1/2 =   
 
where the underlined part is the important difference. Here, a vehicle with speed 
zero needs to wait until the gap to the vehicles ahead is at least two before it is 
min{ vt +1, vmax, max{gt-1,0}} if vt = 0 
min{ vt +1, vmax, gt}   else 
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allowed to move. As a result of this modification, moving traffic is unaffected, but 
once traffic breaks down, the outflow is reduced, which stabilizes the traffic jam.  
• Stochastic CA 
 In addition to the complete stochastic CA model introduced at the beginning of 
 Section 3.2.3, stochastic CA can also be applied with slow-to-start rule added, as 
 shown below. 
 Car-following rule: 
 




 vt+1 =   
 
 Moving: 
 xt+1 = xt + vt+1 
Fukui and Ishibashi [23] have also proposed a model that is very similar to the 
stochastic CA. In the model, the acceleration of a vehicle is direct instead of 
gradually, i.e., with the minimum of the maximum speed and the lead gap as the 
upper limit.  
• Time-Oriented CA 
 A modification to make the stochastic CA model more realistic is the so-called 
 time-oriented CA, introduced by Brilon and Wu in 1999 [6]. The motivation is to 
max{vt+1/2 –1, 0} with probability pn 
vt+1/2    else 
min{ vt +1, vmax, max{gt-1,0}} if vt = 0 
min{ vt +1, vmax, gt}   else 
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 introduce a higher amount of elasticity in the car following, that is, vehicles 
 should accelerate and decelerate at larger distances to the vehicle head than in the 
 stochastic CA, and resort to emergency braking only if they get too close.  
 
 Hence, the velocity update is done in sequence for each car as follows. 
 If ( Hvg τ.> ), then, with probability of acceleration pac,  
 },1min{: maxvvv +=  
 },min{: gvv =  
 If ( Hvg τ.< ), then, with probability of deceleration pdc,  
 }0,1max{: −= vv  
Typical values for the free parameters are (pac, pdc, τH) = (0.9, 0.9, 1.1). The model 
was claimed to generate more realistic fundamental diagrams than the original 
stochastic model.  
 
There have been many other works using different implementations of CA models. 
The models have the advantages of being simple and easy to implement on computers 
and yet can produce realistic behaviors of traffic flow. B.H. Wang and P.M. Hui [44] 
have also presented a microscopic approach to one-dimensional CA traffic flow 
models. The approach represents a microscopic method of deriving mean field 
theories with macroscopic considerations. It starts from an equation describing the 
time evolution of the Boolean variable, which describes whether a site is occupied by 
a vehicle or empty, defined on each site and using a decoupling approximation. An 
equation relating the average speeds v(t+1) and v(t) is then obtained.  
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Furthermore, in [46], L. Wang, B. H. Wang and B. Hu proposed a cellular automaton 
traffic flow model between the two popular one-dimensional traffic flow models, the 
Fukui-Ishibashi model and the Nagel-Schreckenberg model, and derived analytically 
fundamental diagrams of the average speed a function of the vehicle density by using 
a vehicle-oriented mean-field theory. 
 
3.3 Mesoscopic Models 
  
Besides macroscopic and microscopic models, it is also possible to use “mixed” 
dynamics, where individual vehicles are moved according to dynamic laws that are 
governed by macroscopic quantities. These models combine the computational efficiency 








Chapter 4  
Design and Implementation 
 
In this work, microscopic approach using cellular automata models will be used. Both 
random generated road network and real road network will be considered for the traffic 
flow simulation. As mentioned in Section 1.2, the generated road networks used here are 
created using a generator developed by Cherbassky et al [9], and the real road networks 
are the two sections of Singapore city, as shown in Figure 4-1. The sample data for the 
generated road network can be found in Appendix B. Additionally, drivers’ perceptions 
and decision makings with the help of real-time navigation system that is based on the 
known information are included in the simulation. To simulate the different situations of 
the traffic, the drivers’ perception and decision making, the following cases are 
considered: 
• Simulation with different traffic density and probability of external disturbances 
which cause the sudden slow-down 
• Simulation with different types of intersections 
• Simulation with all vehicles moving randomly 
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• Simulation with some of the vehicles moving randomly while others decide to 
move according to the shortest path as suggested by the navigation system 
• Simulation with some of the vehicles moving randomly while others decide to 
move according to the fastest path as suggested by the navigation system. The 
real-time traffic density and average speed in the simulation are considered by the 
navigation system’s algorithm in determining the fastest path. 
 
This chapter discusses about the data structure designs of the road network and vehicles’ 
movements along arcs and across intersections using cellular automata models with 
several intersection models. The focus will be on how they are implemented in the 
computer simulation.  
 
Figure 4-1. Two sections of Singapore road network. 
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4.1 Building Road Network 
 
Road network can be considered as a directional graph that consists of many nodes and 
arcs. For each arc, the information of the starting node, ending node and the arc length 
are needed. There are two straightforward classical representations to store the graph; 
they are adjacency matrix and adjacency list representation.  
 
Matrix representation is efficient for a dense graph while list representation is more 
suitable for a sparse one. Since in most of the road network, there are only three to              
four ending nodes from a starting node, the graph can be considered a sparse network, 
especially when the number of nodes is large. Hence, list representation is chosen and 
linked list is implemented as in Figure 4-2. Node list is used instead of edge list because 






Figure 4-2. Overview of linked list representation to store the road network 
 
In the cellular automata models, discrete time and space are used to simulate the 
movements of every vehicle. Space is coarse grained to the length that a vehicle occupies 
i j k l






in a jam (which is assumed to be 7.5 m), and timed to one second. Consequently, space 
can be measured in “cells” and time in “time steps”.  
 
For implementation, every connecting arc is represented by a one-dimensional array. In 
this way, two-way traffic is illustrated by two connecting arcs. So far, only single lane 
traffic is discussed. Multilane traffic can be represented by an n-dimensional array or n 
one-dimensional array according to the number of lanes with the consideration of 
programming efficiency. Each cell of the array represents the space occupied by a vehicle 





Figure 4-3. Cellular Automata cells for each arc 
Hence, the data type to represent every node can be defined as follows. 
Typedef struct node{ 
 int nodeID; 
 int weight; 
 int *edgeID; 
 int *flow; 
 int *dens; 
 struct node *next; 
} NODE; 
 
Every ending node stores: 
• the node’s ID (nodeID) 
• the arc length from the source node to itself (weight) 





Arc length = 8 x 7.5 m 
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• the local flow (flow) of each cell in the array 
• the local density (dens) of each cell in the array.  
The data type can be expanded to store more fields of information. Here dynamic 
allocations are used for edgeID, flow and dens, so that their memory size can be 
determined at run time. The key functions of the graph ADT can be found in Appendix 
A.  
 
The generated road network used in this work is constructed randomly by a road network 
generator developed by Cherbassky et al [9]. They have different road network 
generators available freely upon request. The selected generator used in this project is 
SPGRID generator which generates rectangular grid networks. Real road network is also 
considered. Two sections of Singapore road network are used in the simulations and the 
results are compared with the generated one in the Results and Discussions Chapter 6. 
 
4.2 Vehicles Movements 
 
Real traffic is strongly inhomogeneous, it consists of motorcycles, cars, trucks, 
aggressive and relaxed drivers. All of these contribute to both big and small occupying 
space, and fast and slow moving vehicles.  For simplicity and generality, some 
assumptions are made. The first assumption is all type of vehicles will occupy the same 
length of the road in traffic jam situation, which is 7.5 m as mentioned before. Secondly, 
every vehicle starts with the velocity 0 at the beginning and the maximum velocity vmax it 
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can reach is set to 5. Since one cell represents the length of 7.5 m and each time step 
corresponds to one second, the maximum velocity of vmax of 5 is equivalent to 135 km/hr. 
 
For each of the vehicles, we have to keep track of its position and speed. Hence, the data 
type for a vehicle that stores all the information can be defined as follows.  
typedef struct car{ 
    int carID;  /* vehicle’s ID */ 
    int speed;  /* vehicle’s current speed */ 
    int start_node; /* starting node of the road the vehicle is 
currently at */ 
    int end_node; /* ending node of the road the vehicle is currently 
at */ 
    int cell;  /* which cell of the road the vehicle is 




At the beginning, vehicles are put randomly at the cells of each arc according to the 
desired density. The movements of the vehicle along an arc and across intersections are 
modeled by cellular automata model and intersection models respectively, as described in 
the following sections. 
 
4.2.1 Formulation of Cellular Automata Model of Traffic Flow 
 
A vehicle driver in traffic is like an individual agent that has limited choices, and a 
limited capability of processing the information available. His maximum speed is limited 
by the vehicles in front of him and by the rules; his distance to the vehicle in front of him 
is limited by his ability to brake. He is also exposed to sudden slow-down because of 
some disturbances on the road (for example, bumps, accidents, or pedestrian crossings) or 
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unanticipated reasons (for example, vehicle break down or driver’s imperfect driving 
skills). Hence all of these factors have to be considered in modeling the traffic flow. 
 
The model used in this work is stochastic model based on the cellular automata model 
constructed by Kai Nagel and Michael Schreckenberg [33, 34]. The model for single-lane 
traffic can be formulated and performed in parallel for all vehicles as follows.  
• Car-following rule: 
vt+1/2 = min{vt+1, gt, vmax} 
• Randomization: 
 
vt+1 =   
 
• Moving: 
xt+1 = xt + vt+1 
where: 
vt = velocity of car at time step t 
gt = gap space of a car and the car in front at time step t 
vmax = maximum velocity 
 
All the simulation in this work is carried out using periodic boundary condition (closed 
loop) where the traffic density is kept the same throughout the simulation. At the 
moment, the model is restricted to single lane traffic. However, it can be expanded to 
multilane traffic.  
max{vt+1/2 –1, 0} with probability pn 
vt+1/2    else 
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Hence, the vehicles movement along an arc in two-dimensional road network is 
determined as if in one-dimensional road by the above CA model, with the assumptions 
that drivers always obey traffic regulations and cannot overtake other vehicles. 
 
4.2.2 Vehicles Movements at Intersections 
 
The model is not complete without the consideration of vehicles movements at 
intersections, because road network is always two-dimensional and even three-
dimensional as more levels of roads are built vertically nowadays. However, only two-
dimensional road network is considered in this work. 
 
When a vehicle arrives at an intersection, there is more than one arc to enter. For this 
moment, the vehicles are assumed to select the entering arc randomly. There are many 
models that have been implemented in simulating the movements of vehicles at 
intersections. Different models result in different behaviors of traffic flow. The 
intersection models play a very critical role as it can be the source of traffic bottleneck.  
 
An intersection model implementing traffic lights in a simple two-dimensional traffic has 
been studied by Biham, Middleton and Levine [5]. Brockfeld, Barlovic, Schadschneider 
and Schreckenberg have presented some optimization methods for traffic lights in CA 
model for city traffic in [7]. Chopard, Queloz and Luthi implemented rotary or 
roundabout intersection models in city traffic [10]. However, as mentioned before, the 
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road networks they used were very simple and consist of roads with the same length and 
connectivity degree. In this work, real road network and randomly generated road 
network with different arc lengths and connectivity degrees are utilized. It will be proven 
here that real road network has some different characteristics from the randomly 
generated road network, and hence affecting the behavior of traffic flow. 
 
Implementation of traffic lights at every intersection needs proper plans of the road 
network and traffic lights schedules. Since road planning and traffic light scheduling are 
not the focus of this work, traffic light intersection model will not be implemented here.  
 
In this work, two different intersection models are implemented: 
• Free flow driving - the vehicles keep moving across the intersection as long as 
there are empty spaces on the destination roads. They will neither slow down nor 
stop behind intersections. In this case, it is assumed that there are four separate 
transfer links at the intersection as illustrated in Figure 4-4.  When a vehicle plans 
to enter an arc, it has to check if the first cells of that arc are empty to make sure 
that it is safe to enter. In the case of more than one vehicle try to enter the same 





Figure 4-4. Four separate transfer links at intersection 
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• Safe driving – stop sign is implemented in every intersection. The vehicles have 
to stop behind every intersection regardless of there is any other vehicles in front 
of the intersection or not. They proceed only when the intersection and the first 
lattices of the destination roads have empty spaces. Only one vehicle can pass 
through the intersection at each time step. This is to reassure that it is safe to cross 
the intersection. In the case of more than one vehicle arrive behind the 
intersection at the same time, the vehicles will go through the intersection in a 
random sequence. At the moment, the assumption of vehicles choosing their 
entering arcs randomly is still applied. 
 
The program codes of the cellular automata model to simulate the vehicle proceeding 
along an arc and across the intersection using both the “free flow driving model” and 
“safe driving model” can be found in Appendix A. The calculation for the flow and 












4.3 Flow Chart 
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Chapter 5  
Choices of Routes 
 
Road users, drivers in this case, always wish for the shortest and best route, in terms of 
time, economic, efficiency, comfort and safety. However, in most of the time, the shortest 
routes may not be time efficient due to the traffic jams, accident, road construction, and 
road closure; the fastest routes may not be comfortable due to the road’s physical 
conditions (such as narrow, bumpy, etc.). It depends on preferences of individual drivers 
as decision makers. 
 
In determining or predicting the route choice of individual drivers, a set of general 
assumptions are distinguished [21]: 
• Decision-maker – defining the decision-making entity (i.e., drivers) and its 
characteristics 
• Alternatives – determining the options available to the decision-maker 
• Attributes – measuring the benefits and costs of an alternative to the decision-
maker 
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• Decision rule – describing the process used by the decision-maker to choose an 
alternative. 
 
The Decision-maker’s characteristics most often used for determining the route choice 
are: 
• Value-of-time. Generally, travel time is a key attribute of alternative routes. It can 
be represented by a continuous variable (e.g., the dollar-value equivalent of a 
minute spent traveling) or by a discrete variable identifying the decision-maker’s 
value-of-time as low, medium or high. 
• Route length. It may be highly correlated with travel time, especially in 
uncongested networks. 
• Travel cost. Tolls fee and congesting pricing are some of the factors that may be 
considered. 
• Access to information. Information about the road network conditions may 
significantly influence the route choice. The proposed real-time navigation system 
leverages on this factor to provide the optimal route for the drivers in the 
simulation. 
• Trip purpose. This factor may considerably influence the driver’s decision. For 
example, a trip to work may be associated with a penalty for late arrival, while a 
shopping trip would usually have no such penalty. 
• Others.  Traffic conditions (e.g. level of congestion, pedestrian movements), 
obstacles (e.g. number of stop signs, number of traffic lights), road types, road 
conditions are some of other attributes that may be considered.   
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Generally, without knowing the information about the current traffic conditions, most 
drivers would choose the shortest routes or choose the routes that they are familiar with. 
The simulation of the drivers with shortest route plans is also carried out in this work, as 
without the access to the network information, the shortest route is the safest choice. The 
shortest route is highly correlated with the travel time and travel cost, especially in a 
smooth traffic.  
 
The shortest path is to be generated by double bucket Dijkstra’s algorithm that is 
described in details in Section 5.1. The resulted shortest path is the shortest way from the 
specified source to its destination without considering the current traffic and road 
conditions. It may not take the fastest time to get to the destination depending on the 
situations on the journey. 
 
Nevertheless, the first thing that drivers want to avoid in traffic is to be caught in a jam. 
Nowadays, the number of vehicles on the road is increased dramatically and the road 
segments also tend to possess different levels of congestion during different time periods 
of a day. Therefore, sometimes drivers do not have enough information about which 
routes is the most optimal. The shortest path may not be the fastest way to get to the 
destination. The time taken for the shortest path may vary while considering the traffic 
and road conditions. 
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With the rapid development of technology such as geographic information system (GIS), 
induction loop and other traffic intelligent tools, real-time traffic information and road 
conditions are possible to obtain now. Hence, navigation systems are able to provide the 
optimized routes according to driver’s preferences by factoring in the real-time 
information. By using the navigation system that is able to channel the drivers based on 
actual road situations, the drivers would have less chances of being caught in heavy 
traffic jams and get to their destination in a minimal time. 
 
In this work, the real-time navigation system implementing double bucket Dijkstra’s 
algorithm is proposed to generate the fastest path from one point to another point. The 
suggested fastest path is the most optimal path which has the minimal travel time at any 
given time t considering the on-line traffic and road conditions. The fastest path from the 
driver’s position to the destination is calculated periodically when the driver reach an 
intersection based on the traffic conditions at that time period. Here, one would assume 
that the driver has the real-time navigation system installed in his vehicle and he can be 
updated with the fastest path at any time during the journey. 
 
To show that such navigation system is useful for the drivers, simulation can help to 
observe the situation of the traffic flow with drivers following the routes suggested by the 
navigation system. The description of how the real-time traffic density and average speed 
are obtained in the simulation is given in Section 5.2. 
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5.1 Shortest Path Algorithm 
 
Before proceeding to the simulation, the shortest path algorithm that is used to find the 
optimal route is described in this section. There are many shortest path algorithms that 
can be implemented in a road network, but finding the best algorithm is challenging, as 
the determination of optimal routes can be computationally very intensive especially 
when the road networks involved are large and complex.  
 
The discussion about the selection and development of the best shortest path algorithm 
for several kinds of road networks is itself a very large research topic, and is not the focus 
in this project. An extensive studies and researches on network optimization and shortest 
path algorithms have been carried out by the author in previous work [29]. 
 
The shortest path algorithm implemented in this project uses the algorithm that has been 
developed in the author’s previous work [29]. Dijkstra’s algorithm was selected and 
implemented with double bucket data structure, which has much better performance as 
compared to the standard or linear Dijkstra’s algorithm. The implementation of double 
bucket Dijkstra’s algorithm can be found elsewhere in the literature [49], but the types of 
networks and data sets are rather different. Some modifications are made in the 
implementation here.  
 
A brief description of the algorithm will be presented here. In double bucket 
implementation of Dijkstra’s algorithm [29, 49], two levels of buckets, high-level and 
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low-level, are maintained.  If the low-level has a total of B buckets, where B is a defined 
constant, then the high-level has a total of Num buckets, where Num = ⎡(C+1)/B⎤, and C 
is the maximum arc length in the network. A bucket i in the high-level buckets contains 
all nodes whose cost values are within the range of [i*B, (i+1)* B-1]. In addition, a 
nonempty bucket with the smallest index L is also maintained in the high-level buckets.  
Nodes v with cost value in the range [L*B, (L+1)*B-1] are distributed in the low-level 
bucket u(v)-L*B, where u(v) is the smallest cost value of node v.  Nodes in the low-level 
buckets are examined during the scanning process.  When the cost value of a node 
changes, it is moved into the appropriate bucket. After all nodes in the low-level buckets 
are scanned, the value of L is increased.  When the value of L increases, nodes in the 
nonempty high-level buckets are distributed to its corresponding low-level buckets, and 










Figure 5-1: Double buckets implementation of Dijkstra's algorithm. The algorithm starts with L = 0, 
for all v ∈ N in bucket L, they are distributed in Low level bucket b = u(v) - L*B. In addition, all 
nodes that are already in the low level buckets are also examined. If the cost value of a node changes, 
it will be moved to the appropriate bucket. 
 











0 ≤ V ≤ B-1  
Num*B ≤ V ≤ (Num+1)*B-1 
B ≤ V ≤ 2*B-1  
(Num-1)*B ≤ V ≤ Num*B-1 
∀ v ∈ N at bucket L and 
iteration L,  
if u(v) – L*B == b,  
v Æ bucket b 
b 
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This approach ensures that nodes are scanned at most once. Hence, this increases the 
efficiency of the implementation with worst case complexity running in O(m+n(B+C/B)).  
 
The double bucket implementation can also be generalized to the k-level bucket 
implementation. The k-level bucket implementation requires O(kC1/k) buckets and runs in 
O(m + n(k + C1/k)) time. 
 
Please note that the road lengths in the above double bucket implementation are assumed 
to be integral, but this is not the case with the data sets in this work. The property of 
double floating point number needs to be maintained to prevent any computational error. 
On the other hand, the integrality is needed for inserting the nodes into buckets. As the 
decimal portion is not that significance as compared to the integral portion, it is safe to 
round the number to the nearest integer. This rounding is just for bin positioning purpose 
only, the actually values are still maintained and used for other calculations. Therefore, 
the rounding will neither result in any rounding error nor affect the accuracy of the 
algorithm.  
 
Below is the summary of Double Bucket Dijkstra’s Algorithm. 
Inputs:  
G = (N, A) 
 C = max (||a||), ∀a ∈ A 
 s = source node, s ∈ N 
 B, a constant used to determine the number of buckets in Low Level. 
Outputs: 
 P, the set of parent nodes on shortest paths to nearest source 
 u(j), the shortest distance from source to node j, ∀j ∈ N 
Variables: 
 Low, an array of Lists 
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 High, an array of Lists 
Algorithm: 
     Step 0. Initialization 
• Assign u(s) = 0 and S(s) = labeled, and u(v) = ∞ and S(v) = unreached for all 
other nodes v ∈ N.   
• Compute Num = ⎡(C+1)/B⎤  
• Assign Low: array [0…B] of List 
High: array [0…Num] of List 
• Insert s to Low[0] 
Step 1.  
For L in 0 to Num 
   For P in 0 to B  
 If Low[P] is not empty 
  Scan(Head of Low[P]) 
  For all i where (head of Low[P], i) ∈ A and S(i) = labeled   
      If u(i) > ((L+1)B-1) 
    Insert i to High[⎣u(i)/B⎦] 
      Else 
    Insert i to Low[u(i)-LB] 
      End if 
   End for 
  Remove head of High[L] from High[L] 
  End if 
    End for 
 End for 
 
 
The foundation of most of shortest path algorithms is the labeling and scanning process, 
i.e., the scan function, which can be summarized as follows.  
Initially for every node v, u(v) = ∞, P(v) = nil, and S(v) = unreached. The process starts 
by setting the source node s with u(s) = 0 and S(s) = labeled, and applies scan operation 
to labeled nodes until none exists, in which case the process terminates.  
 
The scan operation has an input of a labeled node v. The children of v are processed one 
at a time. For each child of v, its cost value or its current smallest cost is compared to the 
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sum of the cost value of v (parent) and the cost from v (parent) to the child. If the new 
cost is smaller, the child’s parent is updated to v and the child’s status is set to labeled. 
Once all children are processed, the parent node v is tagged scanned. This scan process 
causes some nodes with unreached and scanned status to become labeled, indicating a 
path to an unconnected node (from the source) or a re-visit to a previously examined 
node via a shorter path. 
 
Below is the summary of the scan operation. 
Inputs:  
A labeled node i 
Variables:  
A set nodes j ∈ N 
Outputs:  
A set of modified nodes j ∈ N, where (i, j) ∈ A 
Algorithm: 
For all (i, j) ∈ A  
  If  u(i) + c(i, j) < u(j)) 
   u(j) = u(i) + c(i, j) 
  P(j) = i 
   S(j) = labeled 
 End if 
End for  
S(i) = scanned 
 
5.1.1 Performance Comparison 
 
In this work, double bucket implementation of Dijkstra’s algorithm is implemented for 
the following reasons: 
• Good average case of efficiency  
• Scalability to larger problems in terms of arc length and number of data  
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• Good performance for one to one (or some) shortest path problems 
 
This implementation has much better performance than the original or so called naïve 
(linear) implementation. It has the superiority especially in terms of speed and space 
efficiency.  
 
To verify that, both implementations were tested using the same data sets. The algorithms 
calculate and find the shortest path (in term of distance in meters) from a source to all 
nodes of the real road network. The performances were measured by the time taken by 
the algorithms to find the shortest path from one source to all nodes. The time here refers 
to user (algorithm) time. It does not include the system time when the application calls the 
database for data. 
 
Initially, the experiment was carried out using the real road network with the following 
data sets:  
• Number of nodes: 109 
• Number of arcs: 222 
• Maximum arc cost: 607 (distance in meters) 
• Average user time taken:  
o Linear Æ 6.88 milliseconds 
o Double Bucket Æ 6.69 milliseconds  










Figure 5-2: Performance comparison between linear and double bucket implementation of Dijkstra’s 
algorithm with relatively small number of nodes and arcs. The x-axis denotes the node index of the 
sources. The y-axis shows the time taken to find the shortest path from the specified source to all 
nodes. 
 
From the Figure 5-2 above, the difference in the performances of both implementations 
is not very significant. 
 
Now, let us consider the real road network with the following data sets which are 
relatively larger: 
• Number of nodes: 278 
• Number of arcs: 547 
• Maximum arc length: 607 (distance in meter) 
• Average user time taken: 
o Linear Æ 43.18 ms 


































Figure 5-3: Performance comparison between linear and double bucket implementation of Dijkstra’s 
algorithm with relatively larger number of nodes and arcs. The x-axis denotes the node index of the 
sources. The y-axis shows the time taken to find the shortest path from the specified source to all 
nodes. 
 
From the comparisons above, it is shown that in the data sets that have relatively smaller 
number of nodes and arcs, both implementations take about the same amount of time to 
find the shortest path to all nodes. However, when the number of nodes and arcs grow 
larger, double bucket implementation of Dijkstra’s algorithm outperforms the linear 
implementation. Double bucket implementation takes less than half of the time taken by 
the linear implementation. 
 
The efficiency of double bucket implementation is also shown clearly by Figure 5-4 
below. The time taken by double bucket implementation grows almost linearly with the 










































Figure 5-4. Comparison of performance growth between linear and double bucket implementation of 
Dijkstra’s algorithm 
 
This demonstrates how the linear implementation is highly inefficient with its O(n2) 
performance. It grows rapidly with n getting larger. Conversely, although double bucket 
implementation is the most complex method to code, the algorithm has good scalability 
and average case efficiency with performance running in O(m+n(B + C/B)).  
 
5.2 Calculations of Fastest Routes 
 
One of the objectives in this project is to analyze how the decision of individual drivers 
with the help of real time navigation system could affect the traffic conditions.  
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Nowadays, traffic information such as density, average speed, constructions, or even 
accidents is possible to obtain. Given such information, drivers with the help of the 
navigation system are able to make more informed and better decision in choosing their 
journey routes.  
 
Given the traffic information and the current distribution of vehicles in the road network 
and the assumption that the drivers would follow the shortest or the fastest routes 
suggested by the navigation system, simulation is carried out with the vehicles follow the 
optimal (i.e., shortest or fastest) routes from their sources to destinations.  
 
As mentioned in the previous section, the optimal route is calculated in real time and 
periodically using Dijkstra’s shortest path algorithm with double bucket implementation. 
The speed and density at each road segment may be different from time to time, so the 
optimal route from the vehicle’s current position to its destination is determined 
periodically when the vehicle reach an intersection, with the consideration of the updated 
speed and density. Here, each vehicle is assumed to have the navigation system installed 
and hence can be updated in real-time. In addition, the real-time information, i.e., current 
spend and density, also need to be updated periodically.  
 
In the simulation, the average speed on every arc can be calculated by several ways. The 
most accurate way is to average all the speed of the vehicles along the corresponding 










vv           Eq 5-1 
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where vi is the speed of each vehicle and n is the number of vehicles on that segment of 
the road.  
 





ρ−= vv ,         Eq 5-2  
where v is speed and ρ  is density. The density is obtained from the current distribution 
of the vehicles on the road network, i.e., it reflects the number of cars currently on the 
specified arc. The ρ max is fixed to be 1, as from the experiments, it is found that in most 







Results and Discussions 
 
The objective of this project is twofold. Firstly, two-dimensional traffic simulation is 
carried out in both generated road network and real road network. There were extensive 
studies and works on one-dimensional traffic simulations, while the simulations on two-
dimensional traffic were restricted on simple road networks which have the same road 
length and connectivity degree. In this work, it will be shown that the characteristics of 
the road network are important factors in determining the behavior of traffic flow. Hence, 
the simulations in this work are to observe the two-dimensional traffic flow behavior by 
varying some properties (i.e., traffic density, probability of sudden slow-down or external 
disturbances, and types of intersection) in the specified road networks which are more 
realistic. The second objective is to analyze the dynamics of the traffic flow behavior by 
integrating the drivers’ decision makings into the traffic simulation. 
 
Several intersections models are employed and it is found that intersection model plays 
an extremely critical role in two-dimensional traffic simulation, as it can be the source of 
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bottlenecks. The intersection model used in the experiments, otherwise stated others, is 
the free flow model with the assumption of four separate transfer links, as mentioned in 
Section 4.2.2. 
 
In this chapter, the discussion will be started with the overview of the simulation 
performance. It will be followed by the analysis of the traffic waves from the traffic 
models used and traffic jam phenomena. Finally, the analysis of the fundamental 
diagrams of several setups will be given. The setups include the ones with different 
variable of free parameters such as traffic density and probability of external 
disturbances, intersection models, and drivers’ choice of routes. 
 
6.1 Simulation Performances  
 
To analyze the efficiency of the model implementation and the performance of the 
simulation, profiling is done using gprof in UNIX command: 
  %   cumulative   self                     self     total            
 time   seconds   seconds    calls  ms/call  ms/call   name     
 50.0       0.06     0.06     378300     0.00        0.00   move_forward [3] 
 23.0       0.09     0.03               1    28.32   123.05   main [1] 
 15.1       0.11     0.02   1134900     0.00        0.00   setPos [4] 
  9.5        0.12     0.01     373349     0.00        0.00   min [5] 
  1.6        0.12     0.00       74820     0.00        0.00   max [6] 
  0.8        0.12     0.00         4951     0.00        0.00   getlane [7] 
  0.0        0.12     0.00         4951     0.00        0.00   listlength [8] 
  0.0        0.12     0.00             90     0.00        0.00   insert [9] 
  0.0        0.12     0.00             31     0.00        0.00   printgraph [10] 
  0.0        0.12     0.00             31     0.00        0.00   printlist [11] 
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Function move_forward is the key function in the implementation, which consists of the 
car following rule, randomization and part of position update. One can see from the gprof 
profiling above that function move_forward has the largest percentage of the total 
running time of the program, which is 50% of the total time. However, the average 
number of milliseconds spent in this function per call (i.e., self ms/call) is very small or 
close to 0. This shows that the function move_forward is very efficient and optimized.  
 
The stochastic CA model is once again proven to be computational efficient, as the 
computational time grows linearly with the increasing number of time steps and size of 
the road network, as shown in the below Figure 6-1 and 6-2 respectively. The simulation 
is run on Compaq Tru64 UNIX V5.1B system. The computational time used here refers 















































Figure 6-2: The computational time (in ms) with the increasing size of road. 
 
6.2 Traffic Jams 
6.2.1 Traffic wave 
 
The result of the simulation using the cellular automata model can be visualized in the 
figures below. To see how the individual vehicles behave in the model, the simulation in 
the figures below is done with one-dimensional single lane traffic and periodic boundary 
condition. The vehicles move from left to right. 
 
Figure 6-3 and 6-4 show the typical situations at low and high densities respectively. At 
low densities, undisturbed motion and laminar traffic are found. On the other hand, there 
is congested traffic at higher densities, which may be formed randomly due to velocity-
fluctuations of the vehicles. As one can observe in Figure 6-4, each individual vehicle is 
coming from the left with a speed of smooth traffic, but it has to stop due to the 
congestion cluster. It stays in the queue for a certain time with some slow advances, and 
















































Figure 6-3. Simulated traffic at a low density of 0.1 (vehicle per cell). Empty cells are represented by 
a dot, cells which are occupied by a vehicle are represented by the integer number of its velocity. 
Each line shows the position of each car at each time step. Time progresses in the downward 
direction. 
 































The current CA model certainly shows the non-trivial behavior of the traffic flow. 
However, there is small part of the model that is not very realistic. As one can see from 
the traffic wave figure (Figure 6-4) above, the model allows the vehicles with speed 4 or 
5 to reduce the speed to 0 at the next time step. This is of course not very sensible in real 
world, as the drivers has some reaction delay and the vehicles need some time to stop 
from the maximum speed. If a leading vehicle suddenly brakes for some reason, the 
following vehicles should have enough time to stop from their current speed.  
 
As discussed in [34], the basic argument for car-following theory is that vehicles follow 
each other with constant time headway. In driving schools, this is usually taught as “two 
second rule”. The distance to the vehicle ahead is suggested to be two second according 
to the current speed. This means space gap with the vehicle ahead is proportional to 
speed. Applying the “two second rule”, the model can be modified to overcome the 
problem as follows (the modification is underlined). 
• Car-following rule: 
vt+1/2 = min{vt+1, ceil(gt/2), vmax} 
• Randomization: 
 
vt+1 =   
 
• Moving: 
xt+1 = xt + vt+1 
where: 
max{vt+1/2 –1, 0} with probability pn 
vt+1/2    else 
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vt = velocity of car at time step t 
gt = gap space of a car and the car in front at time step t 

























Figure 6-5: Traffic wave using the proposed model, with traffic density 0.2 
 
In Figure 6-5, one does not see any vehicle makes a sudden stop (i.e., from maximum 
speed to 0). In this model, the reachable traffic flow will not be as high as the one in the 
previous model (this can be shown in the below figures), but this model ensures the 
comfort and safety of the drivers. 
 
The fundamental diagram produced by this model also does not differ much from the 
original cellular automata model, except for the maximum flow reached as shown in 




the transition is happened at lower density. This is summarized in Figure 6-6 (c) below, 
where the dashed line represents the outline of the fundamental diagram for the proposed 
model and the solid line is the outline for the original stochastic CA model. For this 
reason, the experiments done in this work will still use the original version of the 


















Figure 6-6: Comparison of two models. (a). Original stochastic model with density 0.202295. (b). 
Proposed model with the same density. (c). The dashed line represents the proposed model and the 
solid line represents the original stochastic CA model 
 
6.2.2 Power Law Distribution 
 
Traffic jam is unavoidable in the traffic and has been the topic of research for several 
decades. The traffic jam phenomenon can be illustrated by Figure 6-7 below. The cluster 
represents a typical start-stop-wave as found in freeway traffic, where one can observe 
that traffic jams are fractal, with small sub jams inside big jams. In addition, the traffic 
jams move backward, not forward. Therefore, it is possible for a sufficiently long-lived 
jam to eventually intersect with another cluster of jam. However, the interaction of 
different jam clusters is not studied here. In the implementation in this work, when two 
different jam clusters (i.e., left and right) intersect, they will be considered as the same 





the right cluster because the traffic jams drift backwards and the intersection of the jam 
clusters is caused by the right cluster that is drifted backwards too far and the left jam 












Figure 6-7: Simulated space-time lines. The dark areas with a high density of cars indicate traffic 
jams. 
 
Like grains of a sand pile create a self-organized criticality (SOC state), traffic jam is a 
SOC phenomenon as well. Kai Nagel and Maya Paczuski of the Brookhaven National 
Laboratory in Long Island have found that a power law links the size of traffic jam to 
their frequency [32]. The measured size of traffic jam is a function of its lifetime. They 
suggested that even a small perturbation could trigger a jam of any size, so that the 
sudden braking of just one vehicle can cause a huge tailback. SOC might thus explain 





At each time step, the size of the jam can either increase, with a certain probability or 
decrease, with the same probability. The speed decrease may due to imperfection of the 
driver or due to varying external conditions. In [32], Nagel and Paczuski show that the 
emergent traffic jams in a single-lane one-dimensional traffic have a power law 
distribution P(t) ~ t-3/2 of lifetime t. The power law exponent of 1.5 is also the first return-
time exponent for a one-dimensional random walk. This suggested an elegant but simple 
theory of the phenomenon, a “random walk theory”. 
 
In this work, the frequency of each traffic jam size was also calculated. However, the 
model setup implemented is rather different from the implementation in [32].  While in 
[32], a vehicle is jammed if it is not traveling at maximum velocity vmax, and only 
jammed vehicles slow down randomly with some probability, in the model of this work, a 
vehicle is said to be in traffic jam if the speed of the vehicle is 0, and all vehicles with 
any speed move nondeterministically.  
 
The traffic jam size is the lifetime of a jam cluster. Hence, the frequency of traffic jam of 
size t refers the number of jam clusters with lifetime t. A jam is sorted out when the 
number of jammed vehicles in the cluster is zero. 
 
The measurements were carried out in both one-dimensional road traffic and two-
dimensional road network consisting intersections. The simulations applied closed or 
periodic boundary condition. This means that the vehicles that reach the end of the road 
will go back to the beginning of the road in one-dimensional case. In two-dimensional 
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road network, the vehicles move randomly in the intersections. When the vehicles reach 
an intersection that is a dead end, they will be put in random intersections and move as 
usual. Hence, the density of the road network is kept the same throughout the simulation.  
 
From the extensive simulations of one-dimensional road involving length of 104 for 106 
time steps, the exponent of the power law tail is found to be close to 1.5 ± 0.05 for 
density above critical, i.e., about 0.1 in this case, as shown in the Figure 6-8 below. This 
exponent of power law is obtained regardless of any other changes of parameters. This 











Figure 6-8: Power law distribution for one-dimensional road network for different traffic density. 
The slope is about 1.5 ± 0.05. 
 
Here, the experiment is then extended to two-dimensional. The simulation results in two-
dimensional generated road network show that for density above critical, i.e., about 0.05, 
the exponent of the power law is close to 1.5 ± 0.05 as well, as shown in Figure 6-9 







below. The lower critical density may be caused by the intersections that can be another 
source of traffic jam. The measurement is done in each segment of the road. Any jam 











Figure 6-9: Power law distribution for two-dimensional road network with different traffic density. 
The slope is about 1.5 ± 0.05. 
 
 
With this SOC phenomenon, it shows that small perturbations in traffic with density 
above critical lead to traffic jam with more small-size jams than large-scale jams. This 















6.3 Fundamental Diagram Analysis  
 
In the microscopic models, in particular cellular automata model, there are two free 
parameters that can determine the behavior of the traffic flow; they are the percentage of 
occupancy (i.e., traffic density) and the stochastic element which represents the external 
disturbances.  
 
6.3.1 Different Variables 
 
One of the advantages of traffic simulation is that the different parameters of the traffic 
system can easily be varied to observe the changes in the position of phase transition. The 
external disturbances here can refer to road accident, construction or even driver’s 
negligence in driving, that lead to declining in speed or even sudden stop. The below 
figures show how the phase transition phenomena is affected by the different variable of 

























Figure 6-10: Fundamental Diagram of flow versus density, with external disturbance fixed at 50% 
and varying traffic density. Left top: traffic density about 10%, the maximum flow of 0.34 is reached 
at density 0.34. Right top: traffic density about 20%, the maximum flow of 0.345 is reached at density 
0.345. Left bottom: traffic density about 50%, the maximum flow of 0.275 is reached at density 0.405. 
Right bottom: traffic density about 70%, the maximum flow of 0.18 is reached at density 0.625. 
 
In Figure 6-10 where external disturbance is fixed at 50% and the traffic density is 
varied, the phase transitions for the lower traffic density (top left and top right) are shown 
very clearly, i.e., transition from vehicles starting to move Æ free flow Æ maximum flow 
Æ synchronized traffic Æ jam, and the growth of the flow function to the maximum flow 
is almost linear. The maximum flow is reached at density about 0.34. 
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For relatively higher traffic density (bottom left and bottom right), the phase transition is 
not so sharp and obvious. It only shows the behavior of vehicles starting to move Æ 
synchronized Æ jam. It does not show the free and maximum flow behavior very clearly, 
especially in the right bottom figure. 
 














Figure 6-11: Fundamental Diagram of flow versus density, with traffic density is fixed at about 20% 
and external disturbance varies. Top left: traffic with no external disturbance, the maximum flow of 
0.79 is reached at density 0.79. Top right: traffic with 20% external disturbance, the maximum flow 
of 0.545 is reached at density 0.545. Bottom left: traffic with 50% external disturbance, the maximum 
flow of 0.345 is reached at density 0.345. Bottom right: traffic with 80% external disturbance, the 
maximum flow of 0.175 is reached at density 0.175. 
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In Figure 6-11, one can observe that it reaches the maximum flow at lower density when 
the probability of the external disturbance is getting larger. With no external disturbance 
at all, one can see that the traffic has free flow behavior even until the density of 0.79, 
which means at most of the time the traffic is very smooth. At higher probability of 
external disturbance, congested and jammed traffic are detected starting from lower 
density.  
 
In the fundamental diagrams with lower percentage of external disturbance, they tend to 
have the shape of “reversed λ”. This shows that the traffic flow can reach higher 
maximum flow, but once some of the vehicles caught in traffic congestion, the flow 
immediately drops. 
 
6.3.2 Different Intersections 
6.3.2.1 Signalized Intersections 
 
Signalized intersections operate as bulk service systems, in which the server alternates 
between different “user types”. A user type represents a vehicular path through the 
intersection, defined by a “from direction”, a “to direction” and possibly by a lane.  
Unlike bulk service systems in production, intersections allow different user types to be 
served simultaneously, provided that their trajectories do not intersect, allowing for many 
ways to combine trajectories into flow patterns.  
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Research on signalized intersections has centered on optimizing cycle length, phase 
length, phase patterns and signal offsets (representing time lags between adjacent 
intersections). The simulation of two-dimensional road network using traffic lights has 
been studied by Biham, Middleton and Levine (henceforth referred to as BML) [5]. 
However, the BML model only restricts the vehicles moving from west to east and south 
to north. Vehicles moving from west to east on a lattice will attempt a move in the first 
half of the time step, say, and the vehicles heading from south to north will attempt a 
move in the second half of the time step. B. H. Wang and P. M. Hui have also proposed 
an improved mean-field theory for two-dimensional traffic flow models, both in the 
absence and presence of faulty traffic lights [45].  
 
However, signalized traffic is not the focus of this work. Readers who are interested in 
the signalized intersections can refer to the papers. This project will focus more on the 
analysis of different kinds of intersections that affect the traffic flow.  
 
6.3.2.2 Stop Sign Applied at Intersections 
 
In the above setups, the assumption of four separate transfer links at every intersection is 
made. However, this kind of intersection is uncommon in real road network. To 
overcome this problem, a stop sign at every intersection can be put at intersections. Still, 
the shortcoming of this solution is that some vehicles will always get served earlier than 
others, unless we want to keep track which vehicle arrives at the intersection first. 
Implementing roundabout will also lead to the same problem. One solution for this 
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problem is to serve the vehicles randomly if they reach behind the same intersection at 
the same time. 
 
Another more realistic solution is to implement traffic lights at the end of each arc at 
major road intersection, and apply a stop sign at small road intersection. However, this is 
not very viable for our randomly generated road network because of its random 
connectivity. Nevertheless, this is feasible to be implemented in a well-planned road 
network. The implementation of traffic lights combined with stop signs in real road 
network or well-planned road network is still a challenging work. 
 
Implementing different types of intersections will produce different behaviors of traffic 
flow and fundamental diagrams. Let us observe the different characteristics of traffic 
flow in the one using stop signs and the one without stop signs, as shown in the figures 
below where the right figure presents the fundamental diagram of the traffic with stop 
sign applied at every intersection, and only one vehicle can go through the intersection at 







Figure 6-12: Comparison of fundamental diagram with density 0.201756. Left: fundamental diagram 
without stop sign applied. Right: fundamental diagram with stop sign applied. 
 
As expected, the maximum flow reached is higher in traffic without stop sign as 
compared to the one with stop sign applied. One can also observe more vehicles with 
higher flow at the left figure of Figure 6-12. On the other hand, there is more congested 
traffic in the one with stop sign. This may due to the bottlenecks caused by the stop signs, 












15 - 14: ...............................4.......5.....4.....................4......000.1. 
16 - 18: ......3.....3...........5...3........5.. 
16 - 17: .....2........4............5...2.10..1....2..1..1..1.1.....2.1.10...0 
17 - 20: ...4..2..00..1.........2..2........00.00.1...1..1...2..........0.00000.1000.....1 
17 - 18: ....2............3.............5......5..........5.....0 
17 - 16: 1.1........................1.1...1..1.1.1......3.......4....4....4......4..0 
18 - 21: ..2......0...2..1.........4..2......2...3..00.0...2..2....3....3............5..1000.1.1.... 
18 - 16: 2........0.100...0..10000.1.......2.....3.........1 
18 - 17: ...........4......5.................................0.1.00.1.1..........4....1.1.0.1.....3... 
19 - 22: .0..1...............................4..........4......................... 
19 - 21: 1.....................4.................5.........10000......0.0........2...... 
21 - 19: 4..........4.0 
21 - 20: ...0..1.....3...3..2.........................4.....0.10.000.1.1.0.00....1.0.0000.....2.....2.. 
22 - 24: ...3.....4....3.............5......................4..........5.......4.......4...0.00.. 
 
 
15 - 14: 1....3...................4..............................1.1..1...100.00.1.1..0.0 
16 - 18: 1.1..2........0000000.1...1.1.0..10.0000 
16 - 17: ...............................5.......5.................2000....2.1. 
17 - 20: .....2...........................5......4..............5.......1..1.0000.1..1.00. 
17 - 18: ................4...............00.100.00.1.100000000..1 
17 - 16: 1....3..................................................00.1...0.00...0...0. 
18 - 21: 1.........................................................5.....................00..0.00.10 
18 - 16: ..........3..............5......................400 
18 - 17: ..0..1...2.........4.................................10000000.000000.0000.0.00000.00.00.100.0 
19 - 22: ..2...................................5.........4.....1.1.00.00.1..200... 
19 - 21: ..........3.........................5............................00...10.10.0.0 
21 - 19: .....2....0000 
21 - 20: ........3.....................................0000000000.00.10000000.10..10000000000.1.100..00 
22 - 24: 1...2...........................5..............5......5....1.0..000..10.00.0.00.0.1.000. 
 
Figure 6-13: Traffic wave of some of the roads in the generated road network. The traffic moves 
from left (after an intersection) to the right (behind an intersection). The dot represents the road 
segments with no vehicles and the number represents the speed of the vehicles. The left index 
indicates the index number of roads. Top: Traffic without stop sign. Below: Traffic with stop signs 
 
The comparisons of the two intersection models point out that the intersection models 
and turning strategies are the key element in modeling the two-dimensional traffic and 




6.3.3 Driver’s Choice of Routes 
 
An optimization measure of using real-time navigation system has been proposed in this 
work to improve the traffic condition. One of the main objectives of this work is to 
employ the solutions provided by the navigation system in the simulation and analyze 
how the traffic flow would be affected by this optimization measure. 
 
The simulation experiments are started with the simulation of traffic with vehicles 
moving randomly, which is followed by the simulation comparisons between traffic with 
drivers moving according to the shortest paths and traffic with drivers choosing to move 
according to the fastest paths suggested by the real-time navigation system. 
 
6.3.3.1 Simulation of Traffic with Vehicles Moving Randomly 
 
Below are the simulation results of two-dimensional road network with vehicles move 
randomly throughout all the intersections. The free flow driving model and the 
assumption of four separate transfer links are applied here. Let us observe the 



























Figure 6-14: The fundamental diagrams for two-dimensional generated road network after 2000 
(top) and 4000 (bottom) time steps.  
 
In the simulation model used above, all the vehicles move randomly regardless how long 
or how jammed the traffic is. In result, if the simulation is run for relatively long period 
of time, some of the roads are found to be heavily jammed, while others are having free 
flow traffic as shown in the bottom figure of Figure 6-14. The two groups of dots at the 
lower flow show some parts of the roads having heavy traffic jam, while the group of 
dots at the higher flow represent other parts of the road experiencing free flow traffic. 
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However, the separation between the free flow traffic and the congested traffic is not so 
obvious in the simulation result using real road network. Please refer to the Figure 6-15 
below. The portion of free flow, synchronized and congested traffic are distributed more 

















Figure 6-15: The fundamental diagrams for two-dimensional real road network after 105 (top) and 




The first reason that can explain the gap separation in the generated road network is the 
road connectivity of the generated road network, where some of the roads are more well-
connected from other roads. This leads to more vehicles travel to those roads and cause 
traffic jams. The other not so well-connected roads have low traffic densities and hence 
the vehicles that pass through those roads will have free flow traffic. 
 
The fact that congested area is still found in real road network shows that there are still 
some roads are more well-connected, but the degree of connectivity is still within an 
acceptable range. This also partially explains why the main roads are often jammed in 
real traffic, especially during peak periods.  
 
Secondly, the road lengths in the randomly generated road network are strongly 
inhomogeneous, where the road length of relatively small can be found. This has also 
been shown in Chopard et al [10], where smaller road spacing would result in heavier 
traffic congestion. The road segments between intersections could act as vehicle 
reservoirs, absorbing a local traffic excess, while the intersections are the source of traffic 
jam. 
 
However, the simulation results are a bit more exaggerating than the real traffic. This is 
because of the randomness of the vehicles movement. In the computer simulation, the 
vehicles move to the jammed road as if there is free flow on that road. This is of course 
not true in the real traffic. Drivers tend to avoid the jammed roads once they are aware of 
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the facts. Therefore, one may want to simulate the behavior of drivers and their decisions 
in choosing their journey routes and analyze how their decisions could affect the traffic 
conditions. Such simulations are to be discussed in the following sections. 
 
6.3.3.2 Drivers with Trip Plans 
 
Generally, without knowing the information about the current traffic conditions, drivers 
usually choose the shortest routes or choose the routes that they are familiar with. The 
simulation of the drivers with shortest route plans is also carried out here, as without the 
access to the network information, the shortest route is the safest choice. The shortest 
route is highly correlated with the travel time and travel cost, especially in a smooth 
traffic. 
 
In order to examine how the drivers’ plans affect the traffic conditions, the simulations 
with drivers following the shortest route are done in the following two setups. The 
simulation is run in the generated road network. 
a) Some vehicles follow the shortest routes, while some others move randomly 
across intersections. The simulation is arranged in the following situation. 
Initially, there are some vehicles on the road network that move randomly across 
intersections. Then the vehicles with their shortest route plans join the road 
network after some time period. The vehicles that reach their destination will be 
deleted from the road network and join the queue to go into the network from 
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Figure 6-16: Some vehicles follow shortest path while others move randomly for 6000 time 
steps. The portion of the vehicles follow shortest path and move randomly is 50-50. 
 
The fundamental diagrams for this setup, unlike the simulation where all the 
vehicles move randomly (Figure 6-14), still demonstrate the free flow and 
synchronized traffic behavior (i.e., from flow of zero to maximum flow), although 
heavy traffic jams can still be found in some roads. However, the distribution is 
now more even and the separation is not so obvious. 













Figure 6-17: All vehicles move according to the shortest routes for 2000 time steps. 
 
The simulation result shows that the maximum flow reached in this setup is 
higher than the one reached in setup a). Also, there is more number of smoother 
or higher flows. Nevertheless, one can still find heavy congested traffic. This is 
because all the vehicles try to go to the routes which are believed to be the main 
or shortest routes, although those roads have been jam-packed. This shows that 
the shortest route may not be the optimal route in this situation. 
 
6.3.3.3 Shortest Routes vs. Fastest Routes 
 
Nowadays, traffic information such as density, average speed, constructions, or even 
accidents is possible to obtain. Given such information, drivers are able to make more 
informed and better decision in choosing their journey routes. Real-time navigation 
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system can help the drivers to choose the best possible routes that have lesser and hence 
smoother traffic.  
 
Given the traffic information and the current distribution of vehicles in the road network, 
simulation is carried out with vehicles following the optimal (i.e., fastest) routes from 
their sources to destinations. The vehicles that reach their destinations will be deleted 
from the road network and join the queue to go into the network again from their sources. 
The optimal route is calculated periodically as described in Chapter 5. As mentioned in 
Section 5.2, there are several ways to calculate the average speed of a road. In this work, 
two formulas are applied, i.e., the exact average speed using the equation 5-1 and the 
approximate average speed using the equation 5-2, and it is shown later in this section 
that one method is better than the other one.  
 
In order to get more precise comparison, the results for the first few time steps need to be 
ignored, as the system is not stabilized yet. Here, the flow and density for first 1000 



























Figure 6-18: Fundamental Diagram with density 0.625584 after 6000 time steps. Top: Simulation of 
some vehicles following shortest routes. Bottom left: Simulation of some vehicles following fastest 
routes calculated with approximate average speed using eq. 5-2. Bottom right: Simulation of some 
vehicles following fastest routes calculated with exact average speed using eq. 5-1. 
 
It is shown clearly in Figure 6-18 above that the drivers’ decisions of choosing the 
solutions provided by the real-time navigation system result in smoother traffic, 
especially when the density is higher. Although the maximum flow that can be reached is 
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higher in the top figure, there are only very few. Most of the roads are in the jammed 
state. On the other hand, there are more road segments having considerably high or 
moderate flow in the bottom figures. This leads to traffic with most of the roads are not 
congested. In the bottom figures where the fastest routes are calculated with two different 
methods, it can also be noticed that the calculation of fastest routes using the exact 
average speed gives better result than the one using the approximate average speed. There 
are even more vehicles with high flow and fewer vehicles caught in jam. 
 
To show this fact more clearly, the fundamental diagrams are sliced horizontally and 
vertically and the number of cells (i.e., road segment) that lies in the ranges is counted as 
shown in the figures below. In Figure 6-19 where the fundamental diagrams of top and 
bottom right figures of Figure 6-18 are sliced vertically, one can observe more road 
segments are experiencing traffic jam (higher density) in the setup with shortest routes. 
Additionally, the curve for the fastest routes is lower at the sides and higher in the middle 
as compared to the one with the shortest routes. This shows that the vehicles in the road 
network are more evenly distributed. 
  
Furthermore, Figure 6-20 shows clearly that using the proposed fastest path there are 
more road segments having flow from 0.15 to 0.3, which are the ranges of higher flow as 

































Figure 6-20: The number of vehicles counted horizontally according to the ranges of flow. 
 
As mentioned before that calculation of fastest route using the exact average speed of a 
road gives better result than the one using the approximate speed. To show this fact, the 
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below figure presents the probability of flow of three cases, where drivers choose to 

















Figure 6-21: The probability of flow of three driver’s choice of routes. 
 
Figure 6-21 evidently shows that the method of determining the fastest path is an 
important factor in optimizing the journey route. It may not be effective in improving the 
traffic condition. Counting the number of cells (road segments) within the flow of 0.1 to 
0.35, it is found that in the traffic system where the drivers follow the proposed routes 
(that is calculated using the exact average speed), the cells (road segments) experiencing 
that range of flow has increased by 62% as compared to the one where the drivers follow 
the shortest routes. The calculation of the fastest route using the approximate average 
speed only improves the traffic by 17%. 
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The simulations using the intersection model with stop sign have also been carried out, 
and produce the same conclusions. 
 
The simulation results show that real-time navigation system that provides the optimal 
(fastest) routes improves the traffic conditions significantly, especially when the traffic 











In this work, a discrete cellular automata (CA) model is studied and implemented for 
two-dimensional traffic simulation. Drivers’ decision makings in choosing their routes 
are also integrated into the simulation to analyze the dynamics of traffic flow. The 
simulation results show that CA model is able to demonstrate nontrivial and some of the 
realistic traffic behaviors. It is also able to reproduce real traffic phenomena and retain 
microscopic behavior of individual drivers. However, there are still drawbacks in the 
model, such as, the sudden stop of vehicles from high speed, and the difficulty in 
determining suitable values for the free parameters (traffic density and probability of 
external disturbances). The former drawback has been addressed in this work, while the 
latter is highly variable and it is still difficult to find the right values for the parameters to 
emulate the real traffic.  
 
While there have been many rigorous works on one-dimensional traffic simulations, 
realistic traffic concepts have been found lacking in the area of two-dimensional 
simulations. They either did not have the concept of streets and implement rather 
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primitive motion rule, or used simple street network with uniform road length and same 
degree of connectivity at every intersection. More realistic road networks and two types 
of intersection models have been employed in this work to study and observe the traffic 
flow behavior. It has been shown in this work, where both generated road network and 
real road network are utilized, that the characteristics of the road network are important in 
determining the traffic flow behavior.   
 
Furthermore, generated road network also has differing characteristics from the real road 
network. The connectivity of the generated road network is not so well-constructed that it 
often leads to some roads being better connected than others. Some road segments may 
also have relatively shorter road lengths which can be bottlenecks. These two reasons 
lead to the situation where some roads are heavily congested while others are having free 
flow traffic. In addition, it has been observed that intersection models also play an 
important role in two-dimensional traffic, as they can be the source of bottlenecks as 
well. 
 
While the one-dimensional model is well-studied, there is little work on the power law 
distribution of traffic jam duration for two-dimensional traffic. It has been found in this 
work that the two-dimensional traffic follows the power law distribution with exponent of 
1.5, which is the same as the one-dimensional case. The existence of the power law 
demonstrates that traffic jam phenomenon shows self-organized criticality (SOC) 
behavior in two-dimensional systems.  
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To study how the drivers’ choices of routes affect the dynamics of traffic flow, it is 
assumed that the drivers would choose either the shortest or fastest route suggested by the 
proposed navigation system. These two scenarios are carried out in the simulation to 
observe the effectiveness of the navigation system which implements double bucket 
Dijkstra’s algorithm. This algorithm is a modification from the standard one and has 
much better performance.  
 
The fastest route suggested by the navigation system is the optimal solution at any given 
time t with the consideration of the real-time traffic and road conditions. The comparison 
with the shortest route shows that navigation system that guides the drivers to take the 
less dense roads (though physically longer) helps improve the traffic situation. The traffic 
flow is more evenly distributed throughout the network, and hence it reduces heavy 
traffic congestions in most of the roads. From the numerical experiments, it is found that 
in traffic systems where the drivers decide to follow the suggested optimal routes, the 
road segments having smooth traffic have increased by 62% as compared to the one 






Chapter 8  
Future Works 
 
In this work, the factor of intersection model has been identified as the key element in 
two-dimensional traffic simulation. Although, there are many intersection models have 
been proposed and implemented, there are always room for improvements in this area. 
Simulation with several types of the intersection models implemented in one road 
network is still a challenging work. It is necessary to move from the local or one facility 
type applications, i.e., intersection in this case, to network wide systems where several 
types of facilities are integrated in one system. Such simulation is the ideal way to 
demonstrate the real traffic behavior, because that is the situation in real traffic where 
some of the intersections employ traffic lights, some implement stop signs and some 
others having roundabout, etc.  
 
In addition, many available approaches, especially the microscopic ones, are derived 
from more specific assumptions about the processes that take place in traffic flow than 
may be absolutely necessary. These models are generally require several free parameters, 
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which makes it difficult to find ones that can emulate the reality.  Very often, it cannot be 
distinguished clearly, whether a model actually captures the essentials of traffic flow 
correctly or it is merely the right values of the free parameters that allow obtaining a 
seemingly satisfactory result for a specific situation. Therefore, further work should be 
devoted towards the perfection of traffic modeling. 
 
The simulation of drivers’ behavior following the optimized routes in this work is merely 
taking the road speed and density as consideration. For more informative simulation, the 
control system, like real-time navigation system that considers several aspects of road 
situation, should be employed. This would require integration of GIS (Geographic 
Information Systems) and other traffic intelligence tools to the system. On the other hand, 
the traffic simulation should be integrated into the real-time navigation system to provide 
more accurate guidance. In future, more and more simulation systems should be 
embedded in control systems for anticipation of the state of traffic flow and the effects of 
alternative control measures. 
 
With the increasing of the needs and complexity of traffic simulation, a massive use of 
parallel or distributed computing is also required. For instance, the simulation of several 
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Below are the key functions of the graph ADT implemented.  
typedef struct cardir{ 
    int nodeID; 
    struct cardir* next; 
}CARDIR; 
 
typedef struct node{ 
    int nodeID; 
    int weight; 
    int road_dens; 
    double road_speed; 
    int *edgeID; 
    int *flow; 
    int *dens; 
    CARDIR *queue; 




void insert(NODE *list, int v, int weight){/*insert at the head*/ 
    int i; 
    NODE *newnode = malloc(sizeof(NODE)); 
    newnode->nodeID = v; 
    newnode->weight = weight; 
    newnode->next=list->next; 
    list->next = newnode; 
} 
 
int isEdge(NODE *list, int v){ /*to check if the edge exists from node 
‘list’ to node with nodeID v*/ 
    NODE *ptr; 
    for(ptr=list->next;ptr!=NULL;ptr=ptr->next){ 
        if(ptr->nodeID == v) 
            return 1; 
    } 
    return 0; 
} 
 
int delete(NODE *list, int v){ /*to delete the node with nodeID v*/ 
    NODE *ptr, *old; 
    for(ptr=list;ptr->next!=NULL;ptr=ptr->next){ 
        if(ptr->next->nodeID == v){ 
            old =ptr->next; 
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            ptr->next = old->next; 
            return 1; 
        } 
    } 
    free(old); 
    return 0; 
} 
 
int listlength(NODE *list){ /*return the length of the node list*/ 
    NODE *ptr; 
    int count=0; 
    for(ptr=list->next;ptr!=NULL;ptr=ptr->next) 
        count++; 
    return count; 
} 
 
The function of CA model using the “free flow driving” intersection model: 
 
void move_forward(NODE **node, CAR *car){ 
    int i, k, node1, node2, carpos, gap=0, lanelength, temp_pos; 
    NODE *currlane, *nextlane; 
    node1 = car->start_node; /*temporarily save the starting node*/ 
    node2 = car->end_node;  /*temporarily save the ending node*/ 
    carpos = car->cell;  /*temporarily save the position on the arc*/ 
    currlane = setPos(node[node1], node2); 
    lanelength = currlane->weight; 
i = carpos; 
while(gap <vmax ){ 
    i++; 
    if(i==templane->weight){ 
        nextlane = getlane(node[node2]); 
        if(nextlane==NULL){ 
            nextlane = getlane(node[1]); 
            node2 = 1; 
        } 
        templane = nextlane; 
        i = 0; 
    } 
    if(templane->edgeID[i] > 0) 
        break; 
    else 
        gap = gap+1; 
} 
speed[veh_id] = min(speed[veh_id]+1, gap); 
if(p>=0.5) 
    car->speed = max(speed[veh_id]-1, 0); 
car->cell = carpos+speed[veh_id]; 
if(car->cell>=lanelength){ 
    car->start_node = node2; 
    car->end_node = nextlane->nodeID; 
    car->cell = pos_of_car[veh_id][2] - lanelength; 
    temp_pos = car->cell; 
    nextlane->edgeID[temp_pos] = veh_id; 
    for(k=(carpos+1);k<lanelength;k++){ 
        currlane->flow[k] +=1; 
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        currlane->dens[k] +=1; 
    } 
    for(k=0;k<=temp_pos;k++){ 
        nextlane->flow[k] +=1; 
        nextlane->dens[k] +=1; 
    } 
    nextlane->road_dens +=1; 
    currlane->road_dens -=1; 
} 
else if(speed[veh_id] == 0){ 
    currlane->edgeID[carpos] = veh_id; 
    currlane->dens[carpos] +=1; 
} 
else{ 
    temp_pos = car->cell; 
    currlane->edgeID[temp_pos] = veh_id; 
    for(k=1; k<=speed[veh_id]; k++){ 
        currlane->flow[carpos+k] +=1; 
        currlane->dens[carpos+k] +=1; 




The function of CA model using the “safe driving” intersection model: 
 
void move_forward(NODE **node, CAR *car){ 
    int i, k, node1, node2, carpos, gap=0, lanelength; 
    NODE *currlane, *nextlane; 
    node1 = car->start_node; /*temporarily save the starting node*/ 
    node2 = car->end_node;  /*temporarily save the ending node*/ 
    carpos = car->cell;  /*temporarily save the position on the arc*/ 
    currlane = setPos(node[node1], node2); 
    lanelength = currlane->weight; 
i = carpos; 
/* to check if the veh position is at the last cell of an arc? */ 
if(i>=(lanelength-1)){ 
   /* to randomly choose the next arc to enter */ 
   nextlane = getlane(node[node2]); 
        if(nextlane==NULL){ 
            nextlane = getlane(node[1]); 
            node2 = 1; 
        } 
   /* to check if the intersection is empty and the next lane is 
safe to enter */ 
        if(node[node2]->next->edgeID[0]==0&&nextlane->edgeID[0]==0){ 
/*go*/ 
            nextlane->edgeID[0] = car->carID; 
            car->speed = 1; 
            car->start_node = node2; 
            car->end_node = nextlane->nodeID; 
            car->cell = 0; 
            nextlane->flow[0] +=1; 
            nextlane->dens[0] +=1; 
        } 
        else{ /* stop */ 
            car->speed = 0; 
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            car->cell = lanelength-1; 
            currlane->dens[lanelength-1] +=1; 
        } 
 } 
 /* move along an arc */ 
    else{ 
     temp_pos = I; 
        while(i<(lanelength-1) && gap <vmax){ 
            i++; 
            if(currlane->edgeID[i] > 0) 
                break; 
            gap = gap+1; 
        } 
        car->speed = min(car->speed +1, gap); 
        if(p>=0.5) 
            car->speed = max(car->speed -1, 0); 
        car->cell = carpos + car->speed; 
        if((car->speed)==0) 
            currlane->dens[carpos] +=1; 
        else{ 
    if(temp_pos==0) 
    node[node1]->next->edgeID[0] = 0; 
            for(k=1; k<=(car->speed); k++){ 
                currlane->flow[carpos+k] +=1; 
                currlane->dens[carpos+k] +=1; 
            } 
        } 
    } 
} 
 
NODE* getlane(NODE *list){ 
    NODE *ptr; 
    int i, length; 
    double prob; 
    length=listlength(list); 
    prob = p; 
    ptr = list->next; 
    for(i=0;i<length;i++){ 
        if(prob>=(double)i/length && prob<=(double)(i+1)/length) 
            return ptr; 
        ptr = ptr->next; 
    } 




Double Bucket Implementation of Dijkstra’s Algorithm: 
 
void Scan(NODE **node, double *opt_weight, int *status, int *parent, 
int vert){ 
    NODE *ptr; 
    int i, count; 
    double rspeed; 
    for(ptr=node[vert]->next;ptr!=NULL;ptr=ptr->next){ 
        rspeed = 0; 
        count = 0; 
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        for(i=0;i<ptr->weight;i++){ 
            if((ptr->edgeID[i])>0){ 
                rspeed = rspeed + speed[ptr->edgeID[i]]; 
                count ++; 
            } 
        } 
        rspeed = rspeed/(double)count; 
        if(count == 0) 
            rspeed = 5; 
 
        //rspeed = ceil((double)vmax*(1.0-((double)ptr-
>road_dens/(double)ptr->weight))); 
        //if((opt_weight[vert] + ptr->weight) < opt_weight[ptr-
>nodeID]){ 
        if((opt_weight[vert] + (double)ptr->weight/rspeed) < 
opt_weight[ptr->nodeID]){ 
            //opt_weight[ptr->nodeID] = opt_weight[vert] + ptr->weight; 
            opt_weight[ptr->nodeID] = opt_weight[vert] + (double)ptr-
>weight/rspeed; 
            parent[ptr->nodeID] = vert; 
            status[ptr->nodeID] = labelled; 
            status[vert] = scanned; 
        } 
    } 
} 
 
void  dijkstra(NODE **node, CARDIR **dir_of_car, int num_nodes, int 
num_edges, int vid, int s, int d){ 
    int i, j, B, Num, L, P, tempv, w, oldd=0, newd; 
    double tempvar; 
    int *status, *parent; 
    double *opt_weight; 
    NODE *ptr, *ptr1; 
 
    status = (int *)malloc((num_nodes+1)*sizeof(int)); 
    parent = (int *)malloc((num_nodes+1)*sizeof(int)); 
    opt_weight = (double *)malloc((num_nodes+1)*sizeof(double)); 
    tempvar = sqrt(num_edges*maxlength); 
    B = pow(2, ceil(log(tempvar)/log(2))); /*MODIFIED HERE, i.e. floor-
>ceil */ 
    Num = ceil((double)(num_edges*maxlength+1)/B); 
 
    for(i=0;i<=num_nodes;i++){ 
        status[i] = unreached; 
        parent[i] = NULL; 
        opt_weight[i] = INF; 
    } 
 
    NODE **Low, **High; 
    Low = (NODE **)malloc((B+1)*sizeof(NODE *)); 
    High = (NODE **)malloc((Num+1)*sizeof(NODE *)); 
    for(i=0;i<=B;i++){ 
        Low[i] = malloc(sizeof(NODE)); 
        Low[i]->next = NULL; 
    } 
    for(i=0;i<=Num;i++){ 
        High[i] = malloc(sizeof(NODE)); 
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        High[i]->next = NULL; 
    } 
    opt_weight[s] = 0; 
    status[s] = labelled; 
    insert_node(Low[0], s); 
    for(L=0;L<=Num;L++){ 
        for(P=0;P<=B;P++){ 
            ptr1 = Low[P]->next; 
            while(ptr1!=NULL){ 
                Scan(node, opt_weight, status, parent, ptr1->nodeID); 
                for(ptr=node[ptr1->nodeID]->next;ptr!=NULL&&status[ptr-
>nodeID]==labelled;ptr=ptr->next){ 
                    w = ptr->nodeID; 
                    if(opt_weight[w] >((L+1)*B-1)) 
                        
insert_node(High[(int)floor(opt_weight[w]/B)],w); 
                    else{ 
                        tempv = max(0, (int)(opt_weight[w]-L*B)); 
                        insert_node(Low[tempv],w); 
                    } 
                } 
                delete_node(High[L], High[L]->next->nodeID); 
                ptr1=ptr1->next; 
            } 
        } 
    } 
 
    /* empty dir_of_car */ 
    empty_list(dir_of_car[vid]); 
    newd = d; 
    while(newd!=s){ 
        oldd = newd; 
        newd = parent[oldd]; 
        if(newd==0){ 
            //printf("destination cannot be reached from the source\n"); 
            break; 
        } 
    } 
    if(newd==s && oldd!=0){ 
        insert_cardir(dir_of_car[vid], oldd); 
        insert_cardir(dir_of_car[vid], newd); 
        //printf("%d - %d\n", d, oldd); 
        //printf("%d->%d, %d\n", vid, dir_of_car[vid]->next->nodeID, 
dir_of_car[vid]->next->next->nodeID); 












Below is the data sample for the generated road network, with 31 nodes, 90 arcs, 
and maximum arc length of 100. Please note that the degree of connectivity of every 
node is ranging from 1 to 4. 
 
31 90  (number of nodes number of arcs) 
1 2 71 (starting node  ending node  arc length) 
2 1 17 
2 3 20 
3 2 26 
3 1 43 
1 3 72 
4 5 24 
5 4 98 
5 6 11 
6 5 29 
6 4 56 
4 6 30 
7 8 67 
8 7 60 
8 9 39 
9 8 51 
9 7 13 
7 9 89 
10 11 79 
11 10 22 
11 12 96 
12 11 98 
12 10 30 
10 12 100 
13 14 18 
14 13 11 
14 15 59 
15 14 80 
15 13 17 
13 15 40 
16 17 69 
17 16 76 
17 18 56 
18 17 93 
18 16 51 
16 18 40 
19 20 97 
20 19 21 
20 21 19 
 114
21 20 94 
21 19 14 
19 21 79 
22 23 100 
23 22 10 
23 24 22 
24 23 79 
24 22 24 
22 24 88 
25 26 57 
26 25 97 
26 27 20 
27 26 10 
27 25 10 
25 27 98 
28 29 33 
29 28 50 
29 30 96 
30 29 27 
30 28 11 
28 30 22 
31 1 40 
31 2 62 
31 3 93 
1 4 42 
2 5 80 
3 6 37 
4 7 94 
5 8 18 
6 9 64 
7 10 63 
8 11 69 
9 12 30 
10 13 15 
11 14 49 
12 15 41 
13 16 70 
14 17 12 
15 18 39 
16 19 41 
17 20 81 
18 21 91 
19 22 73 
20 23 26 
21 24 50 
22 25 86 
23 26 89 
24 27 27 
25 28 73 
26 29 41 
27 30 81 
 
 
 
